The paper classifies all distance transitive graphs V such that A ^ Aut r ^ Aut A n for some alternating group A , and Aut T acts primitively on the vertices of T . This result forms part of our programme for determining all finite primitive distance transitive graphs.
Introduction and statement of results
In this paper we classify the finite distance transitive graphs whose automorphism group is a symmetric group S or an alternating group A for some n , acting primitively on the set of vertices. This forms a part of the programme for the classification of all finite primitive distance transitive graphs begun in [76] ; for in [76] this classification is reduced to the determination of all such graphs whose automorphism group G is either almost simple (that is, T o f f S Aut T for some nonabelian simple group T ) or affine (that is, V < G<AGL(V) , the group of affine transformations of a finite vector space V ). Thus in this paper we deal with part of the almost simple case, namely the case where T = A n . When T is a linear group of dimension at least 7 , a classification is obtained in [7] ; discussion of the remaining almost simple cases can be found in [70] . The case where G is affine and | V| is large i s treated in [72] . Note that the primitivity of G i s a natural assumption, since by [79] (see also [3] ), there is a simple procedure for obtaining a primitive distance transitive graph from an imprimitive one. I t i s well known that the permutation character of the automorphism group G of a distance transitive graph acting on vertices must be multiplicity-free, since a l l the suborbits are self-paired (see [74, Theorem 8]) . Our proof is based on [7 7, Theorem, p340], where a l l such characters are determined for G = S with n > 18 .
Before stating our result, we describe some classes of distance t r a n s i t i v e graphs T . Denote by Vr the set of vertices of r , and by°.
a set of n points, where n £ 5 .
{k} (1.1) Johnson graphs J(n,k).
Here FT = fi , the set of k-subsets of (1.4) Graphs J(2k,k) \ k Z 4. These are the derived graphs of the antipodal graphs J(2k,k) (see [7, pl52] ) . They can also be described as follows: n = 2k , VY i s the set of partitions of fi into two subsets {A,A} of size k , and two vertices {A,A},{B,B} are joined if and only if e i t h e r \AriB \ = k -1 or UnB| = k -1 .
(1.5) Graphs J(2k,k) ' , k = 4,5. These are the complements of the rank 3 graphs ^( 8 , 4 ) ' , ^(10,5)' .
(1.6) Graphs Z, 2 p' ^120' H e r e £ 120 i s t h e r a n k 3 (ii) n = 6 , G = Aut A^ and X is as in (1.7) or (1.8).
Proof of the theorem. Let G and T be as in the statement of the theorem. Let f! = { l , . . . , n } be a set of n points permuted naturally by G , and write H = G , a maximal subgroup of G . The proof is carried out in three sections, according as H is intransitive (Section 2), transitive and imprimitive (Section 3), or primitive (Section 4). As remarked above, the permutation character ir = !" is multiplicity-free, and hence
where the summation is over all irreducible characters x of G .
The intransitive case
In this section we deal with the case where H is intransitive, so that by the maximality of H in G , we have H = (5, x S ,) n G for some
ik] k with 1 S k < n/2 . We can therefore identify VT with ft f the set of fe-subsets of fi . If k = 1 then r is the complete graph ffe) K n = J(n,l)
• and i f k = 2 then G has rank 3 on Si , so I 1 i s
Jin,2)
or Jin,2) , as in (1.1) and (1.2). Thus we assume that k > 3 . This shows that T is not distance transitive unless i = k and n = 2k + 1 ; in this latter case F is the odd graph 0^, as in (1.3) .
To complete the proof in the intransitive case, we show that Aut r =S n for the graphs T in (1.1), (1.2) and (1.3). For suppose that this is false, so that Aut V > G = 5 for some such graph T . Then Aut F is given by [ 6 ] ; in each case we see that Aut V has smaller rank on W than G , which is impossible since G acts distance transitively on T . We deal separately with cases (i) , (ii) and (iii) of Lemma 3.1. 
The imprimitive case
as in (1.4), so assume that 1^(00 = E 2 (a) . Write
{C,C} e ^(B) n E^a) ,
{D,D} e 1^(6) n Z 3 (a) .
Hence r_(a) contains E.(a) u E (a) and so T is not distance transitive, a contradiction. 
Note that this formula is valid even if a-= 0 • The result follows. Proof. This follows from 3.3.2 if G = S^ , so assume that G = A^ .
For £ = 4 it is easy to check that (b) holds, so we take £ S 5 . Suppose a i a £ that (a) is false, so that there is a partition p = (1 ,...,£ ) of I £ £-2 1 different from (1 ) Proof. We first check the result for £ < 7 , using 3.3.1. The only point here which is not immediate is that for £ = 6 and G = A.-, the set E((2 ) ,a) splits into two ff-orbits of length 60 , since no odd permutation in S _ fixes both a and $ with B e E( (2 ) First suppose that i = 1 , so that A = E(p,a) and a < I -3 . We obtain a contradiction as above. This gives the usual contradiction.
To complete the proof of the theorem in the imprimitive case, it remains to show that Aut T= S for V as in (1.4) or (1.5). Let T be such a graph. Clearly Aut V contains a subgroup G= S ; moreover, it follows from [6] that for n> 8 , G is a maximal subgroup of either Alt(W) or Sym(W) (since G contains the subgroup S acting on (fe-l)-sets) , and hence G = Aut T , as required. n £ 3 and n < 4 . We shall obtain a contradiction.
The primitive case
We colour the complete graph on fi with two colours r , b so that Using (1), (2) and (3), we see that in fact n is at most 12 . and #cfe e T (y) n E , fld/" e T (y) n E , again a contradiction. for some integer a , whence by (4) we have b-, = 16 > 9a and a = 9 < 2a , an impossibility.
Thus ky -36 and so ib-.,c~) = (4a,3a) for some integer a . (since L 2 < 7 ) o f degree 8 is contained in AGL 3 (2) ) . But then G is
2-transitive on (G •• H)
, so r is the complete graph K = J(15,l) .
Hence we may take G = S Q , and by [7S] , H = I 2 (7).2 . We consider H as L 3 (2).2 embedded in G = I 4 (2).2 , with y = F 4 (2) the natural module for M a r t i n W. L i e b e c k , Cheryl E. P r a e g e r and J a n S a x l G' . Then This completes the proof of the theorem.
Final remarks on Aut Ag
To conclude, we complete the proof of the corollary to the theorem by 
